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Twin boundaries are generic crystalline defects in noncentrosymmetric crystal structures. We
study theoretically twin boundaries in time-reversal symmetric noncentrosymmetric superconductors
that admit parity-mixed Cooper pairing. Twin boundaries support spin currents as a consequence of
this parity mixing. If the singlet and triplet components of the superconducting order parameter are
of comparable magnitude, the superconducting state breaks spontaneously the bulk time-reversal
symmetry locally near the twin boundary. By self-consistently evaluating the Bogoliubov-de-Gennes
equations and the gap functions we find two distinct phases: First, time-reversal symmetry breaking
enhances the spin currents but does not lead to charge current. A secondary phase transition then
triggers a spin magnetization and a finite charge current near the twin boundary.
Initiated by the discovery of superconductivity in
the noncentrosymmetric heavy Fermion compound
CePt3Si, noncentrosymmetric superconductors (NCSC)
have opened up new perspectives in the study of un-
conventional superconductivity.1–9 Due to the lack of
inversion symmetry, these systems feature antisymmet-
ric spin-orbit coupling that breaks completely the SU(2)
spin-rotation symmetry. As a consequence, the super-
conducting condensate has no definite parity and can be
viewed as a superposition of even- and odd-parity (spin-
singlet and spin-triplet) Cooper pairs.9,10 The mixing ra-
tio of even and odd-parity component is a convenient tun-
ing parameter to characterize the superconducting state
of a NCSC. For example, quasi two-dimensional (2D) su-
perconductors of this kind have a Z2 topological attribute
when fully gapped (symmetry class DIII in the classifi-
cation of Ref. 11), because the phases with dominant
even-parity pairing (odd-parity pairing) are topologically
trivial (non-trivial). They are separated by a gap-closing
topological phase transition.12 Akin to the helical elec-
tronic edge states of a 2D Z2 topological insulator, helical
edge modes in the form of Andreev bound states trans-
port a non-conserved spin current along the boundary of
a NCSC with dominant odd-parity pairing.5,7,13–15 An-
dreev bound states are a specific signature of unconven-
tional Cooper pairing and directly manifest themselves
in tunneling spectroscopy measurements.8
Very generically, the topology of phases of matter can
be probed at defects, such as boundaries, lattice dislo-
cations or vortices in a superconducting order parame-
ter.16 In noncentrosymmetric materials, the crystal struc-
ture allows for another type of defect when two regions
of space with the opposite inversion symmetry breaking
face each other in a single crystal. In fact, the formation
of such twin domains, similar to the domains in ferro-
electrics, is rather likely in the crystal growth processes.
A first step towards understanding the superconducting
state at twin boundaries of a noncentrosymmetric mate-
rial has been undertaken in Ref. 6. It revealed that TRS
can be spontaneously broken at the twin boundary (TB)
that can then host vortices enclosing fractional fluxes,
which have been studied in the context of anomalous flux
flow observed experimentally in some NCSC17.
In our study, we extend the phenomenology of the pos-
sible pairing states at the TB by self-consistently evaluat-
ing the Bogoliubov-de-Gennes (BdG) equations and the
gap functions. We find two distinct phases with broken
TRS at the TB. In the first phase, the superposition of
the two parity components turns complex. The spin cur-
rents, running along the TB for all ratios of parity mixing,
are enhanced in this phase. Yet, contrary to naive expec-
tations, no charge current flows despite the broken TRS.
This changes with a secondary transition to a further
phase that features both a non-vanishing magnetization
and an orbital supercurrent along the TB. In our analy-
sis, we clarify the relation between the bulk topological
phase transition and the phase diagram of the states near
the TB, as well as the nature and spatial profile of the
spin and charge supercurrents in each phase.
We use a tight-binding model describing a 2D NCSC
with Rashba spin-orbit coupling that includes spin de-
pendent nearest-neighbor pairing interactions which al-
low for the appearance of unconventional pairing chan-
nels. The electrons hop on a square lattice Λ of Lx ×Ly
sites r = (x, y) ∈ Λ that is spanned by the orthogonal
unit vectors ai , i = x, y. The corresponding Hamiltonian
for the extended Hubbard model reads10
H :=−
∑
r,i
∑
s
c†r+ais(tσˆ
0 − λr,ai · σˆ)s,s′crs′
+
∑
r,i
[
JSr+ai · Sr +Dr,ai · (Sr+ai × Sr)
]
+ U
∑
r
nr↑nr↓ + V
∑
r,i
nrnr+ai ,
(1)
where c†rs creates an electron with spin s = (↑, ↓) at
site r ∈ Λ. The antisymmetric spin-orbit coupling is
a Rashba term of strength αr parametrized by λr,ai =
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2iαr(zˆ × ai), i = x, y, where zˆ is the unit vector normal
to the plane of the lattice. The vector σˆ = (σx, σy, σz)
denotes the three Pauli matrices and σˆ0 the 2 × 2
unit matrix. We define the electron density operator
nri = nri↑ + nri↓ and the spin density operator Sr =∑
s,s′ c
†
rsσˆs,s′crs′ . Besides the ordinary spin-isotropic
Heisenberg exchange of strength J , the noncentrosym-
metric crystal structure also allows for a Dzyalonshinsky-
Moriya type spin-spin interaction of strength Dr which
is parametrized as Dr,ai = Dr(zˆ × ai), i = x, y.
Let us illustrate the mean-field decoupling for a trans-
lational invariant system (αr ≡ α, Dr ≡ D, ∀r), as-
suming periodic boundary conditions in both the ax and
ay directions. The Rashba-type spin-orbit interaction
breaks the SU(2) spin-rotation symmetry and induces
a splitting of the electron bands, with each band ex-
hibiting a specific spin structure in momentum space.
At the same time, it allows the gap function to be of
mixed parity. The BdG mean-field Hamiltonian reads
HBdG :=
∑
k c
†
kHBdGk ck, with the four-component no-
tation ck = (ck↑, ck↓, c
†
−k↑, c
†
−k↓), k representing the 2D
momentum in the Brillouin zone and
HBdGk =
( Hkin,k ∆k
∆†k −HTkin,−k
)
. (2a)
The kinetic part of the Hamiltonian is given by
Hkin,k := −2t[cos(kx) + cos(ky)]σˆ0 + gk · σˆ, (2b)
with gk := 2α[ax sin(ky) − ay sin(kx)]. We can
decompose the superconducting gap function ∆k =
(iσy)
(
∆
(e)
k + ∆
(o)
k · σˆ
)
in a scalar even-parity spin sin-
glet part ∆
(e)
k and a vector odd-parity spin-triplet part
∆
(o)
k .
9,18 The assumption of an extended s-wave pairing
in the former and p-wave pairing in the latter yields the
momentum dependences
∆
(e)
k = ∆
(e)
s [cos(kx) + cos(ky)] + ∆
(e)
0 , (2c)
∆
(o)
k = ∆p (sin(ky),− sin(kx), 0) . (2d)
of the order parameters. Note that the p-wave pairing
state yielding the highest transition temperature is the
one with ∆
(o)
k ∝ gk.9 This allows to simultaneously di-
agonalize the gap function and the kinetic part of the
Hamiltonian Hkin,k by going to the basis of λ = ± helic-
ity states that label the two Fermi surface sheets. The
gap function on either sheet can be conveniently rep-
resented in the mixed-parity parametrization, ∆λ,k =
∆
(e)
k + λ∆
(o)
k · gk/|gk|, λ = ±.
We now turn to the electronic properties of the sys-
tem with TB. For that, we equip the Rashba spin-orbit
coupling and the Dzyalonshinsky-Moriya interaction in
Hamiltonian (1) with the spatial dependencies
αr = α sgn(x− Lx/2), Dr = D sgn(x− Lx/2), (3)
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FIG. 1. (Color online) (a) Sketch of the intrinsic metallic
interface in a NCSC. If the pairing is dominantly of triplet
type, a topologically protected Kramers pair of edge modes
carrying a spin current is localized at x = 0 and x = Lx. Two
Kramers pairs of edge modes that are localized near the TB
hybridize and thereby loose their topological protection. (b)
The spectral function of up-spin quasiparticles at the immedi-
ate left of the TB , A↑x=50,ky (E) shows the spin-polarization of
these helical states. The zoom-in (c) reveals their hybridiza-
tion. (A↓x=50,ky (E) and A
↑
x=51,ky
(E) are obtained by flipping
the figure about ky = 0.) Parameters are J = 1.3, D = 1.75,
V = 1.22, U = 0.82, such that ∆s/∆p ∼ 0.425.19
respectively. This models a TB located at x = Lx/2 and
separates two regions of the superconductor that have the
opposite sign of the Rashba and Dzyalonshinsky-Moriya
coupling [see Fig. 1 (a)]. Open and periodic boundary
conditions are used in the ax and ay directions, respec-
tively. The relative U(1) phase between ∆(e) and ∆p has
to change by pi across the TB. The way the superconduct-
ing condensate accommodates this phase twist decisively
determines the physics at the TB.
If ∆(o) is the dominant component of the order param-
eter, gapless helical edge states exist at the boundary of
a 2D topological superconductor, as dictated by the non-
trivial Z2 topological index. Localized modes within the
bulk spectral gap also exist at the TB, though they would
not be endowed with topological protection, for the Z2
topological sector of the Hamiltonian is the same on ei-
ther side. In order to identify the existence and spin
polarization of the localized modes at TB, we calculated
the spectral function
Asx,ky (E) = −
1
pi
Im Gs,sx,ky (E), (4)
where Gs,sx,ky is the Green’s function at position x and
momentum ky. Figures 1(b) and (c) show the spectral
function for up-spin quasiparticles on the immediate left
of the TB. We observe that the left- and rightgoing modes
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FIG. 2. (Color online) (a) Phase diagram of superconduct-
ing and magnetic order at the TB as a function of on-site
repulsion U and D = 1.8.19 The parameters J and V are var-
ied to tune the mixing ratio. Continuos lines separate phases
of (A) TRS singlet dominated superconductivity, (B,C) TRS
breaking phase where the ϕ deviates from the values 0 and pi
near the TB, and (D) TRS triplet dominated superconductiv-
ity. The color scale measures the spin magnetization near the
TB that becomes nonzero in phase (C) via a secondary phase
transition in the phase with broken TRS. Dashed lines encircle
the region in parameter space where the bulk superconducting
gap is nodal, marking the topological phase transition from
the trivial (left) to the nontrivial (right) Z2 topological super-
conductor. (b) Spin-magnetization M and phase ϕ along the
dotted line in (a).
have opposite spin polarization at high energies and that
this spin-momentum locking is lifted with the appearance
of a hybridization gap near zero energy.
We turn now to the central issue, the analysis of TRS
breaking phase at the TB. TRS breaking is signaled by
the following two quantities: (i) the relative U(1) phase
ϕ := arg∆
(e)
x=Lx/4
− arg∆(e)x=3Lx/4 (5)
of the singlet component of the superconducting order
parameter in the bulk on the left and right side of the
TB and (ii) the spin magnetization M ∝ n↑ − n↓ at the
TB. To understand the relevance of (i), we have to ask
how the condensate can account for the pi-shift in the
relative U(1) phase between ∆(e) and ∆p across the TB.
The two values of ϕ compatible with TRS are ϕ = 0 and
ϕ = pi. In the former case for |∆(e)|  |∆(o)| and it
is energetically favorable that ∆p changes the sign being
zero at the TB. Conversely, if |∆(e)|  |∆(o)|, the sign
change should occur on the ∆(e) component such that
ϕ = pi. If |∆(e)| and |∆(o)| are of comparable magnitude,
the system is frustrated, since the cost in condensation
energy for a node at the TB in either component is high.
In this case, the relative U(1) phase moves continuously
from 0 to pi across the TB, thereby breaking TRS. This
is also signaled by ϕ 6= 0, pi, where either of the degen-
erate solutions ϕ and −ϕ is spontaneously chosen. The
phase diagram in Fig. 2 shows that the local TRS break-
ing at the TB as identified through ϕ [continuous lines in
Fig. 2(a)], covering region B and C, and the finite mag-
netization M (color code), restricted to region C, occur
within two different phase boundaries. The secondary
phase transition towards the TRS breaking phase C with
finite magnetization M arises inside the TRS breaking
phase with ϕ 6= 0, pi.
For comparison, the dashed lines in Fig. 2(a) define the
region in parameter space where the bulk system is gap-
less due to nodes in the superconducting order parameter.
Left (right) of this region, the bulk is a topologically triv-
ial (non-trivial) superconductor. The topological phase
transition acquired a finite width due to the term ∆
(e)
s
in the Hamiltonian. Inside the gapless region, the order
parameter has several point nodes on the Fermi surfaces.
In the edge Brillouin zone, flat edge bands stretch be-
tween the projections of pairs of these nodal points, much
like the flat bands at zigzag edges of grapheme (see also
Ref. 20).21 We make the following two observations that
relate to these topological features. First, the bulk topo-
logical phase transition happens fully inside the param-
eter range in which TRS is spontaneously broken at the
TB. Second, the magnetic order at the TB is strongly en-
hanced in the bulk gapless region. This can be attributed
to Stoner-like magnetism of the flat bands at the TB.21
Finally, let us study how the spontaneous TRS break-
ing manifests itself in the context of a (spin) Hall re-
sponse at the TB. Spin currents are generically expected
at edges and TB in a noncentrosymmetric materials.22,23
We define the spin current of polarization i = x, y, z that
runs in the y-direction
J spin−iy (x) := Tr
∑
ky
c†ky,x
(
∂kyHBdGky,x
)
σˆicky,x, (6)
where the trace is taken over all states below zero energy.
Figure 3(a) shows the spin currents J spin−xy and J
spin−z
y
as a function of position x inside the phase B of phase
diagram 2(a). Each of them has opposite signs on ei-
ther side of the TB. The component J spin−yy vanishes in
the bulk and is much smaller than J spin−zy at the TB (not
shown). The component J spin−zy corresponds to the usual
spin current, present at the sample edge as well as at the
TB. The component J spin−xy is finite also in the bulk and
increases at the boundary. However, its bulk contribu-
tion should not be interpreted as a physically measur-
able spin current.24 The phase C of phase diagram 2(a)
is characterized by a finite magnetization M shown in
Fig. 3(b). This magnetization appears together with a
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FIG. 3. (Color online) (a) Spin current in the y direction as
a function of x. The solid lines and the dashed lines are the
spin currents with spin polarization in the x and y direction,
respectively. Parameters are J = 1.1, D = 2.0, V = 1.5,
U = 0.87, such that ∆s/∆p = 0.41.
19 (b) The x-dependence
of the orbital supercurrent (red line) and of the magnetization
(blue line) near the TB in the TRS broken phase. Parameters
are J = 1.3, D = 2.1, V = 1.2, U = 0.87, such that ∆s/∆p =
0.5.19
orbital supercurrent that runs in opposite directions on
the immediate left and right of the TB [Fig. 3(b)]. This
may be considered a spontaneous spin Hall effect as the
supercurrent is a response to introducing an imbalance
of the spin occupation on the spin current.
In summary, we studied the interface states between
twin domains in a mixed-parity superconductor near a
topological phase transition connecting a topologically
trivial with a non-trivial phase. A sequence of two phases
localized around the twin boundary appear. The primary
phase breaks TRS and is, consequently, two-fold degen-
erate, but does not show any magnetism. The secondary
phase introduces magnetism through spin polarization
along z-axis and a supercurrent parallel to the TB. This
phase breaks the reflection symmetry for a mirror plane
perpendicular to the TB including the z-axis, adding a
further two-fold degeneracy. The appearance of the spin
polarization and the supercurrent are connected through
the presence of spin current at the TB analogous to the
spin Hall effect.25
In closing, we note that the mechanism for TRS break-
ing that we discussed in this work is not limited to
twin boundaries in NCSCs. It can also be of relevance
to tunable devices with interface superconductivity such
as SrTiO3/LaAlO3, if the Rashba spin-orbit coupling is
not uniform in space.26 A similar phenomenology might
apply to other ordering phenomena, such as the spon-
taneous generation of the quantum spin Hall effect in
graphene-like materials.27 In this case, TRS may be bro-
ken at the boundary between regions of opposite spin-
Hall conductivity, spontaneously generating a charge Hall
effect.
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